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Observation of negative group delays within a coaxial photonic
crystal using an impulse response method
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Abstract

An impulse response experiment is described which independently verifies the recently observed result of negative group delayed prop-
agation within a coaxial photonic crystal. This result was unexpected when it was reported and has been the subject of enduring con-
troversy because theoretical models predict that negative group delays should not be possible in passive linear media. The impulse
response method allows for the determination of both the transmission amplitude and the group delay for narrow-band wave packets
over a wide frequency range in one simple experiment. The impulse response results presented here confirm our earlier finding of negative
group delays within the band gap region and are in excellent agreement with the more traditional approach of measuring transit times for
wave packets. However, negative group delays are observed only over very narrow frequency ranges within the wider band gap suggest-
ing that another interference mechanism is involved.
� 2007 Elsevier B.V. All rights reserved.
1. Introduction

Recent experiments [1–3] have demonstrated that the
group velocity of a classical wave packet can greatly exceed
c, the speed of light in vacuum. Such behavior can be
observed in regions of anomalous dispersion associated
with strong attenuation in the forbidden transmission
regions of electrical, acoustic, or photonic band gap mate-
rials. In some cases it has been found that the time it takes
for the peak of a wave packet to traverse such a structure
can even be negative. This phenomenon has been observed
in transparent media with optical gain [4], electronic cir-
cuits [5–7], and coaxial photonic crystals [8]. A passive
coaxial serial loop structure has also been predicted to
exhibit similar behavior [9]. A negative transit time, or neg-
ative group delay, corresponds to the exiting of the peak of
a wave packet from the sample before the peak of the input
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wave packet has entered the sample. Although this effect is
somewhat counterintuitive, it has been shown in the case of
electronic circuits that such negative group delayed propa-
gation is not in conflict with relativistic causality [5,10].

Our recent observation of negative group delays in a
coaxial photonic crystal [8] is, however, somewhat surpris-
ing from a theoretical viewpoint. It has been shown [11]
that for a loss-less one-dimensional photonic crystal the
group velocity cannot exceed c/jt(x)j2, where t(x) is the
amplitude transmission function for the photonic crystal.
Thus, for a loss-less, one-dimensional photonic crystal,
negative group velocities should not be observed. Initial
attempts by our group to numerically model losses,
increased Fabry–Perot interference between the ends of
the coaxial photonic crystal, and isolated impedance
defects, have resulted in similar findings without any pre-
diction of negative group delays. Similarly, Poirier et al.
[12] have shown numerically that negative group velocities
should not be possible in any linear passive medium and
have questioned our previously reported results. In partic-
ular they suggest that the negative group velocities of [8]
were due to experimental error and interference and/or
distortion caused by the signal generation scheme. In order
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Fig. 1. Experimental configuration for the impulse response method.
(a) Impulse entering the structure. (b) Impulse received after traversing the
coaxial photonic crystal.

J.N. Munday, W.M. Robertson / Optics Communications 273 (2007) 32–36 33
to gain a clearer insight into our earlier experimental
results and to address questions of equipment reliability
and experimental technique, we used an impulse response
method to more fully characterize the coaxial photonic
crystal by determining the group delay both inside and out-
side the forbidden transmission region. The impulse tech-
nique eliminates the experimental error associated with
measuring the peak position of pulses and does not rely
on the pulse generation method criticized in [12]. This
experiment illustrates that negative group delays are indeed
observed but only over narrow frequency intervals within
the band gap. Further, these regions correspond to narrow
transmission minima within the forbidden band gap.
A number of more recent papers demonstrate that negative
group delays are possible in passive waveguide systems.
The authors of Ref. [9] demonstrated negative group delays
in coaxial cable loop filters. It is difficult to see, however,
how this loop mechanism would manifest itself in our
experiment. More pertinent are the simulations presented
in Ref. [13] in which the author demonstrates negative
group delays in a one-dimensionally corrugated wave-
guide—a system that closely parallels our experimental
arrangement. The same author has reported similar results
for a two-dimensional system [14].

To better understand negative group delays, we can con-
sider the group velocity expression for an optical wave
packet in one-dimension, which is given by

vg �
dx
dk
ffi c

nþ x dn
dx

� � ; ð1Þ

where n is the index of refraction of the medium. From this
expression it can be seen that in regions of anomalous dis-
persion (dn/dx < 0), vg can exceed c and will become neg-
ative if

x
dn
dx

� �
< �n: ð2Þ

In this way negative group delays can be achieved.
In the experiments described here, we present a simple

method for characterizing a coaxial photonic crystal, a
quarter-wavelength stack of coaxial cables which acts like
a band stop filter, using an impulse response method that
allows us to determine the transmission amplitude and
delay time in a single experiment.

2. Impulse response method

The impulse response method is ideal for characterizing
the so-called coaxial photonic crystal due to the simplicity
of the setup and the accuracy of the results. By recording
the time domain information for two pulses, one that has
traversed the structure and one that has not, the transfer
function of the structure can be obtained which allows
for broadband characterization of amplitude and phase
information.
Fig. 1 shows the experimental setup used for characteriz-
ing the coaxial photonic crystal. A square wave signal was
high-pass filtered using a simple RC circuit (R = 820 X
and C = 68 pF) to produce the impulse shown in Fig. 1a
at the rising edge of the square wave. The values of R and
C were selected so that the impulse would contain a broad
range of frequencies that extend beyond our range of study
(2–16 MHz).

The impulse was sent through the coaxial photonic
crystal, which is described later in detail, and the TTL
output of the signal generator was used as a trigger for
the acquisition of data. Fig. 1b shows the recorded
impulse at the oscilloscope. The oscillations after the ini-
tial impulse are due to multiple reflections within the peri-
odic structure. A 50 X termination resistor was installed
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at the oscilloscope’s input to reduce back reflections
resulting from an impedance mismatch between the last
cable of the structure and the input of the oscilloscope.

To determine the transmission function, two time
domain signals are required: the impulse response of the
sample under test and a reference impulse. In order to
obtain the reference impulse we determined the impulse
response for a zero-length section of coaxial photonic crys-
tal. To achieve this in practice we replaced the 91.15 m
coaxial photonic crystal structure with a 0.20 m piece of
RG58 cable. To offset the timing delay of the impulse intro-
duced by having to travel through the 0.20 m cable, the
TTL signal’s path, as shown in Fig. 1, is also extended
by this amount. In this way the oscilloscope’s trigger is
delayed such that the original impulse appears to have trav-
eled a distance of 0 m. Any losses due to the 0.2 m cable are
negligible compared to the losses in the 91.15 m coaxial
photonic crystal used here and were not considered.

For the experimental results presented here, the
recorded impulse consisted of 22000 data points and had
a time window of 12 ls. An add-and-average option on
the oscilloscope (Agilent 54622D) was used to acquire
time-domain data with a high signal-to-noise ratio. The
number of impulses averaged in a single measurement (typ-
ically more than 500) was selected such that sufficient
amplitude was acquired even at the lowest transmission
point of the band gap. The effect of insufficient averaging
could clearly be determined because it led to discontinuities
in the phase profile when the data were Fourier analyzed.

The coaxial photonic crystal used for this experiment
consisted of 13 sections of alternating RG58 (50 X) and
RG62 (93 X) cable. The cables were cut to lengths of
6.19 m (for RG58) and 7.97 m (for RG62) in order to pro-
duce a quarter-wavelength interference filter with a fre-
quency band stop at 8 MHz. The cables were cut to
different lengths due to the differing propagation speeds
of .66c and .85c in the 50 X and 93 X cables, respectively.
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Fig. 2. Results obtained using the impulse response method for a 91.15 m
coaxial photonic crystal. (a) Transmission amplitude. (b) Phase. (c) Group
3. Impulse response analysis

In the previous section we described the measurement
techniques used to determine the voltage amplitudes as a
function of time for the reference impulse and for the sam-
ple impulse that had traveled through 13 sections of coaxial
photonic crystal. By taking the Fourier transforms of this
time domain data, we obtain the complex frequency
domain data for the two impulses, which are related by

eV outðxÞ ¼ T ðxÞeV inðxÞ; ð3Þ
where T(x) is the transfer function for the structure andeV inðxÞ and eV outðxÞ are the complex Fourier transforms
of the reference and sample voltage impulses, respectively.
The transmission amplitude is then given by

jT ðxÞj ¼
eV outðxÞeV inðxÞ

�����
����� ð4Þ
and the phase is given by

UðxÞ ¼ arg½T ðxÞ�: ð5Þ
The group delay, tg, about the carrier frequency x0 for a
narrow frequency band wave packet that has traveled a dis-
tance L through a structure can be defined from the group
velocity as

tg �
L
vg

¼ L
dx
dk

� ���
x0

¼ �dU
dx

����
x0

; ð6Þ

where U(x) = �k(x)L is the frequency dependent phase
shift. The transmission, phase, and group delay are shown
in Fig. 2 for the coaxial photonic crystal described in the
previous section. The overlay in Fig. 2b shows a close-up
of the phase near the band gap. There are two regions
where the slope of the phase becomes positive, one at
7.3 MHz and a second at 8.5 MHz. At these points, the
group delay will become negative as is apparent from
Eq. (6) and Fig. 2c. The peak of a narrow-band wave packet
that contains either of these frequencies should tunnel
and emerge from the structure before the peak of the origi-
nal wave packet has entered the structure’s input. The re-
sults of phase and group delay measured here show a
strong similarity to the results presented in Figs. 3 and 4
of reference [13] in that there are additional dips in these
quantities at frequencies within the forbidden band gap.
delay.



Fig. 4. (a) Frequency spectrum of a wave packet (thick line) with a carrier
frequency of 7.27 MHz overset on the transmission amplitude of the coaxial
photonic crystal (thin line). (b) Group delay determined using the impulse
response method shows an expected negative group delay for the wave
packet in part (a).
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It is at these points in our data that the group delay is en-
hanced to the point of becoming negative. This correspon-
dence is strongly suggestive that a mechanism similar to
that provided in Ref. [13] is at work here.

4. Experimental tunneling results

Finally we compare the above results with those
obtained by creating and sending narrow-band wave pack-
ets through the structure and measuring the transit times as
was done in [8,16]. Two wave packets were considered, one
with a carrier frequency of 5.12 MHz and one with a car-
rier frequency of 7.27 MHz. Fig. 3 shows the envelope
function for both wave packets. The high frequency oscil-
lation of the carrier sinusoid is suppressed in the figure
for clarity. The top wave packet in the figure corresponds
to a carrier frequency of 5.12 MHz with a measured group
delay of 0.46 ± 0.02 ls. The bottom wave packet corre-
sponds to a carrier frequency of 7.27 MHz with a group
delay of �0.40 ± .02 ls (i.e. the peak of the wave packet
exited 0.40 ± .02 ls before entering the sample). This corre-
sponds to a speed of approximately �0.76c.

Fig. 4a shows the amplitude transmission and Fig. 4b
the group delay for the structure as measured using the
impulse response method. Overlaid on the transmission
spectrum of Fig. 4a is the frequency spectrum of the tun-
neled wave packet with a 7.27 MHz carrier frequency.
Most of the frequency components of the wave packet lie
within a region of negative group delay; however, due to
the width of the wave packet’s frequency domain data,
the different frequency components experience slightly dif-
ferent group delays. This is thought to lead to the minor
distortion and asymmetry of the tunneled wave packet that
can be seen in Fig. 3.
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Fig. 3. Envelope functions for two wave packets that have traversed the
coaxial photonic crystal. The top wave packet corresponds to a carrier
frequency of 5.12 MHz with a measured group delay of 0.46 ± 0.02 ls.
The bottom wave packet corresponds to a carrier frequency of 7.27 MHz
with a group delay of �0.40 ± 0.02 ls. The carrier frequencies have been
suppressed and the upper wave packet has been vertically offset for clarity.
5. Analysis and conclusions

We have demonstrated an impulse response method
capable of determining the transmission function for a
coaxial photonic crystal that verifies the existence of
regions where wave packets can propagate with negative
group velocities. Although this measurement confirms
our earlier finding of negative group delays, we still do
not know the origin of the sharp features in the transmis-
sion function that lead to the narrow bands of negative
group delay. We have made attempts to reproduce these
results by numerical modeling including the addition of
loss terms, increased Fabry–Perot interference, and sparse
impedance defects; however, we have thus far been unable
to achieve a model that predicts negative group delays.

Although impulse response methods have been used pre-
viously to determine transmission and phase information
for a variety of physical systems including optoelectroni-
cally pulsed antennas in the GHz regime [15], we have taken
this method a step further to determine the expected group
delays and hence group velocities for a coaxial photonic
crystal structure in the MHz regime. We then verified these
results using a more traditional method of measuring transit
times for wave packets and found excellent agreement
between the two methods. The simplicity with which these
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broadband characteristics can be determined using the
impulse response method makes it ideal for such studies.

Acknowledgement

This work was supported, in part, by NSF Grant ECS
9988797.

References

[1] A.M. Steinberg, P.G. Kwait, R.Y. Chiao, Phys. Rev. Lett. 71 (1993)
708.

[2] C. Spielmann, R. Szipocs, A. Stingl, F. Krausz, Phys. Rev. Lett. 73
(1994) 2308.

[3] A. Enders, G. Nimtz, Phys. Rev. B 47 (1993) 9605.
[4] L.J. Wang, A. Kuzmich, A. Dogariu, Nature (London) 406 (2000)

277.
[5] M.W. Mitchell, R.Y. Chiao, Am. J. Phys. 66 (1998) 14.
[6] T. Nakanishi, K. Sugiyama, M. Kitano, Am. J. Phys. 70 (2002) 1117.
[7] J.N. Munday, R.H. Henderson, Appl. Phys. Lett. 85 (2004) 503.
[8] J.N. Munday, W.M. Robertson, Appl. Phys. Lett. 81 (2002) 2127.
[9] E.H. El Boudouti, N. Fettouhi, A. Akjouj, B. Djafari-Rouhani,

A. Mir, J.O. Vasseur, L. Dobrzynski, J. Zemmouri, J. Appl. Phys. 95
(2004) 1102.

[10] J.C. Garrison, M.W. Mitchell, R.Y. Chiao, E.L. Bolda, Phys. Lett. A
245 (1998) 19.

[11] G.D. D’Aguanno, M. Centini, M. Scalora, C. Sibilia, M.J. Bloemer,
C.M. Bowden, J.W. Haus, M. Bertolotti, Phys. Rev. E 63 (2001)
036610.

[12] L. Poirier, R.I. Thompson, A. Haché, Opt. Commun. 250 (2005)
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