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This work examines a simple one-dimensional acoustic band gap system made from a
diameter-modulated waveguide. Experimental and theoretical results are presented on perfectly
periodic waveguide arrays showing the presence of band gaps—frequency intervals in which the
transmission of sound is forbidden. The introduction of defects in the perfect periodicity leads to
narrow frequency transmission bands—defect states—within the forbidden band gaps. The circular
cross-section waveguide system is straightforward to simulate theoretically and experimental results
demonstrate good agreement with theory. The experimental transmission of the periodic waveguide
arrays is measured using an impulse response technique. ©2002 Acoustical Society of America.
@DOI: 10.1121/1.1497625#
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I. INTRODUCTION

In this paper the properties of acoustic band gaps
defect modes in periodically structured waveguides are
amined theoretically and experimentally. There has b
considerable recent interest in the propagation of class
waves—electromagnetic and acoustic—in periodically str
tured environments. The goal of much of this research is
design and create composite materials—so-called phot
or acoustic band gap arrays—that can manipulate the p
erties of the radiation field. In the electromagnetic case
ability to engineer light has led to the suggestion and/or
velopment of a number of important applications.1–4 Similar
practical applications for acoustic waves have be
suggested5–7 although research in this area is far less ext
sive.

Many of the projected applications of acoustic and ph
tonic band gap materials require composite systems with
bidden transmission in all three spatial dimensions—
called complete band gap materials. In practice s
materials are difficult to realize because they require a th
dimensional periodic composite between two materials w
considerably different impedances. As a consequence m
work has focused on band gap phenomena in systems
periodicity, and hence band gaps, in two8,9 or one
dimensions.10,11 Studies of lower dimensional systems a
conducted as analogs of three-dimensional systems an
applications in their own right. In the work described he
we reexamine a one-dimensional periodic waveguide sys
that has received considerable theoretical and experime
attention.12–16 The specific emphasis in this work is the e
amination of defect modes created when the perfect per
icity is broken. Defect modes are an essential ingredien
many of the proposed applications of photonic or acou
band gap systems. Although the properties of periodic aco
tic waveguides have been long studied, little attention
been given to the properties of defect modes.

a!Electronic mail: wmr@physics.mstu.edu
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The basis of acoustic band gap effects rests on the
that in a perfectly periodic composite system consisting
two materials with significantly different acoustic impe
ances, the coherent effects of scattering and interference
to frequency intervals in which propagation of sound
forbidden—so-called acoustic or sonic band gaps. Beca
of the close analogy of this process to the scattering
interference of electron wave functions by the periodic p
tential of a crystalline lattice, much of the terminology an
theoretical methods of solid state physics have been ado
in the treatment of acoustic~and electromagnetic! band gap
phenomena. A key success of solid state physics was
unfolding of the role of the electron state band gap in e
plaining and understanding the properties of semiconduct
However, an essential step in going from an understandin
the properties of perfectly crystalline semiconductors
practical devices involved the addition of defects. Sm
quantities of donor or acceptor defect atoms were found
perturb the perfect lattice and create isolated electron st
within the forbidden band gap. A similar sequence is adop
in the work described here. We first examine a perfectly
riodically structured acoustic waveguide system and sh
the existence of forbidden transmission bands. The perio
system consists of a series of equal length segments of
cular cross-section waveguides with diameters varying
tween two different values. Next, we introduce a single d
fect in the perfect periodicity, and we show that this defe
produces a narrow band of transmission within the pre
ously forbidden band gap. The defect is produced by alter
the length of the central segment of the series of wavegui
Depending on the precise nature of the defect we obse
either donor-like or acceptor-like behavior.

There are many methods to calculate the acoustic
sponse of a one-dimensional waveguide.13,15 In the work de-
scribed here, an iterative theoretical formalism is adap
from Fresnel’s equations to calculate the reflection and tra
mission of the periodic waveguide system. The theoret
calculations show that it should be possible to produce
tremely narrow band filters using defects in this simp
1353353/6/$19.00 © 2002 Acoustical Society of America
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waveguide configuration. We demonstrate that although
possible to produce narrow band filters, the extremely n
row theoretical predictions are not realized in practice.
discuss the experimental limitations that do not allow us
realize the narrowest filters and explain the steps that co
be taken to circumvent these limitations.

II. THEORY

The experimental system that we chose to investigat
this work consisted of a waveguide of circular cross sect
with a diameter that was modulated periodically betwee
small and large diameter as a function of length. The wa
guide dimensions and the frequency interval explored w
selected so that our measurements were all conducted in
lowest transverse mode of the waveguide. This criterion w
assured by using frequencies below the cutoff frequency,f c ,
of the next higher transverse mode given by17,18

f c50.92
c

pa
,

wherec is the speed of sound anda the larger tube diameter
Furthermore, the lengths of the waveguide sections w
chosen to be much larger than the diameter of the lar
tube so that the stop band phenomena observed in ou
periments were due to interference in the longitudinal dir
tion and not due to radial resonances in the waveguide
ments themselves. The cavity resonance effect will occu
frequencies well above those used in our experiments h

A detailed description of the exact waveguide para
eters used in the measurements and in the associated th
ical calculations is given in the following experimental d
scription. The reflection and transmission of the periodica
diameter-modulated waveguide system can be easily m
eled theoretically. The different diameter waveguides h
different acoustic impedance values,Z. In the long wave-
length approximation,Z is given by the simple expression19

Z5
rc

S
,

wherer is the density of air, andS is the cross-sectional are
of the waveguide. Provided that the long wavelength con
tion is met, the impedance is independent of frequency.
amplitude reflection coefficient,r i j , at the junction between
two waveguide sections with different impedances is giv
by19

r i j 5
Zi2Zj

Zi1Zj
.

To extend the theoretical reflection expression to inclu
a second boundary at a distance,d, from the first, the effects
of multiple reflection and interference must be taken in
account. The corresponding expression for the three m
~two boundary! system is

r 1235
r 121r 23e

2ikd

11r 12r 23e
2ikd ,

wherek52p/l is the wave vector at the frequency of inte
est, andr 12 and r 23 are the amplitude reflection coefficien
1354 J. Acoust. Soc. Am., Vol. 112, No. 4, October 2002
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at the first and second boundaries, respectively. Finally,
process can be applied recursively to determine the reflec
ity from any number of boundaries with arbitrary spacing
To illustrate the process, consider a four medium system
which the distances between the three boundaries ared1 and
d2 . The total amplitude reflectivity,r 1234, is given by

r 12345
r 121r 234e

2ikd1

11r 12r 234e
2ikd1

,

wherer 234 is given by

r 2345
r 231r 34e

2ikd2

11r 23r 34e
2ikd2

.

This recursive procedure can be easily programmed
calculate the amplitude reflectivity for any number of boun
aries. The absolute squared magnitude of the amplitude
flectivity, r, is the intensity reflectivity,R. Because there is no
loss in this simple model, the intensity transmission,T, is
simply 12R. As we demonstrate in Sec. IV, the theoretic
calculations of the gap and defect frequencies made with
model are generally in excellent agreement with the exp
mentally measured transmission data. It should be noted
there are many methods to calculate the response of a
odic system~Refs. 13 and 15, and references therein!. The
iterative method described here offers two particular adv
tages:~i! the method does not invoke Bloch wave propag
tion so that it can be equally well applied to random
aperiodic systems and~ii ! the calculation of effective reflec
tivities at the interfaces bounding each waveguide segm
means that it is possible to determine the longitudinal mo
profile within each segment.

III. EXPERIMENTAL CONFIGURATION AND
PROCEDURE

The experimental configuration is shown schematica
in Fig. 1. The basic experiment consisted of sending
acoustic impulse through a one-dimensional periodic wa
guide array and recording the transmitted signal. A numer
Fourier transform of the recorded time-domain signal w
used to determine the frequency-dependent transfer func
of the sample. The pulse was numerically generated inMAT-

LAB and saved as a standard computer sound file~.wav for-
mat!. The functional shape of the pulse was chosen to be
second derivative of a Gaussian with a time duration
about 20 ms such that the Fourier transform contained
nificant frequency components up to 2200 Hz. The form
the pulse was selected because it contained the approp
spread of frequencies in the range we wished to consider,
it was readily reproducible by the speaker. It should be no
that in addition to the impulse response method we also
peated many of the experiments using a spectrum anal
and a white noise source. The results with the spectrum a
lyzer were essentially identical to those obtained with
impulse method.

The time-domain signal used in the data analysis w
not due to a single pulse, but rather was the result of a
quence of~typically! 50 pulses that were recorded and av
aged. The purpose of this add-and-average procedure w
Munday et al.: Defect modes in periodic waveguides
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acquire time-domain data with a high signal-to-noise ra
The method works because signals reaching the microph
from the speaker added coherently whereas random b
ground noise was quickly averaged out. Because of mult
scattering within the periodic array and from the ends of
sample, some sound persists in the waveguide array f
long time after the initial impulse. To eliminate this long
lived signal we found that, for our particular waveguide p
rameters, a 7 sdelay between successive pulses was requ
to eliminate interference due to coherent reflections. The
lidity of this add-and-average method at reducing sig
noise can be observed from the initial flat response of
time domain data before the impulse showing that any ba
ground sound from previous pulses has been greatly att
ated.

The waveguide structure consisted of three section
polyvinyl chloride ~PVC! pipe being connected, with th
speaker at one end and the microphone at the opposite e
shown in Fig. 1~a!. The two outer sections of the structu
were 6.096 m in length with a diameter of 1.9 cm. The
terchangeable middle section contained the diame
modulated array, which will be described in detail short
Each section of pipe was then attached to the adjacent
with masking tape to secure the connection. We found
the use of interlocking PVC pipe connectors to join the s
tions resulted in backreflections due to the small gap betw
adjacent pipes within the connectors. The acoustic imp
ance change due to these gaps led to reflection of the ac
tic waves. Although weak, these backreflections were not
able in the time-domain data. The use of masking tape to
the sections greatly reduced this effect.

FIG. 1. ~a! Schematic representation of the experimental configuration.~b!
Schematic representation of the nine-element, diameter-modulated
showing the dimensions.
J. Acoust. Soc. Am., Vol. 112, No. 4, October 2002
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At the speaker end, an adapter was constructed to
ciently couple the sound from the speaker to the wavegu
The adapter consisted of a 6-mm-thick piece of Plexigla
bolted to the speaker with a 2.0 cm hole centered directly
front of the speaker cone. A 5.1–1.9 cm PVC connector w
then attached to the Plexiglas surface. This allowed the
obstructed acoustic impulse from the speaker to be trans
ted to the structure. With the adapter in place, there wa
distance of 3.8 cm between the cone of the speaker and
waveguide. A pliable foam insulator was then wrapp
around the speaker and adapter to reduce the amoun
sound emitted into the room.

The microphone was then inserted into the opposite
of the waveguide to a depth of 5.7 cm and was simila
wrapped with a pliable foam insulator. This isolated it fro
any room reflections that may have been caused by
speaker’s initial impulse.

The sequence of events in a typical experiment was
follows. The numerically generated impulse sound file w
played through the computer’s audio card. The mono w
file was split into the two stereo channels such that e
contained an identical version of the pulse. The first chan
was sent through the amplifier~Technics model SU-V66! to
the speaker~Optimus model number 40-1030, max power
W, 8 V nominal impedance!. The speaker then transmitte
the acoustic impulse, which traversed the structure and
received by the microphone~Brüel & Kjaer type 2215 pre-
cision sound level meter/octave analyzer!. The microphone’s
signal was then digitized and stored by the data acquisi
card ~National Instruments PCI 6034E! as shown in Fig.
1~a!. The second channel was sent directly to the data ac
sition card to act as a trigger to initiate the recording of da
Accurate registration between the trigger and the audio p
was crucial to the success of the add-and-average proc
The sound file of the impulse signal was played by an au
program that looped the sound file so that it repeated at
intervals.

Two acoustic filter structures with different physical p
rameters were tested. Each structure consisted of a sequ
of alternating sections of different diameter PVC pipes. T
first experiments used 1.9- and 5.1-cm-diam pipes for
nine-element array as shown in Fig. 1~b!. The pipes were cut
such that the periodicity of the system was 17.5 cm~distance
between changes in cross-sectional area!. To couple the two
pipes with differing diameters, it was necessary to use 5
1.9 cm interlocking PVC pipe adapters. The adapters c
sisted of essentially two parts, a 5.1-cm-diam part and a
cm-diam part. The 5.1-cm-diam part of the adapter adde
length of 2.1 cm, whereas the 1.9-cm-diam part of t
adapter added a length of 0.2 cm. The 5.1-cm-diam pi
were cut to a length of 13.5 cm, and the 1.9-cm-diam pip
were cut to a length of 17.0 cm. Thus, the actual lengths
the sections of pipe were 17.7 cm for the 5.1-cm-diam s
tion and 17.4 cm for the 1.9-cm-diam section. The to
length of the periodic array was measured to be 157.9
There was a discrepancy of 0.2 cm throughout the en
length of the array due to minor fabrication and cutting
rors in the individual pipe sections. A 1.9 cm straight pipe
identical length was also cut and studied for comparison. T

ray
1355Munday et al.: Defect modes in periodic waveguides



io
.

n
-
c

t o

y-
o

th
e

2
th
ro

th
to
o

ed
h
th

tes
ur
nce

ion
fect
ted
nu-
sec-
ter-

to
the
m-
tly
ond
as

ory

een
nced
for
hin
5
hin

cat-
igh

u

cor-

dic
second acoustic filter structure was similar in construct
but with 3.2-cm-diam rather than 5.1-cm-diam segments

IV. RESULTS AND DISCUSSION

Figures 2~a! and ~b! show the transmitted time-domai
data obtained from the straight pipe structure and the 1.9
5.1-cm-diam modulated waveguide, respectively. The os
lations after the initial pulse in Fig. 2~a! are primarily due to
ringing in the speaker and adapter. In Fig. 2~b!, the strong
extended oscillations after the initial pulse are the resul
multiple reflections within the periodic array.

Figure 3~a! is a composite figure of the frequenc
domain data obtained from a numerical Fourier transform
the time-domain data for the unobstructed pulse without
array ~upper dark line! and the pulse that traversed th
diameter-modulated array~lower dark line!. By comparing
the curves, it can be seen that there are band gaps from
to 720 and 1200 to 1700 Hz. This matches closely with
predicted band gaps of 230–720 and 1200–1730 Hz f
theoretical calculations as shown in Fig. 3~b!.

Next, we altered the array to induce a defect state
would allow an extremely narrow band of frequencies
exist within a band gap. To do this, we modified the length
the middle pipe~5.1 cm diameter! within the nine-element
array @see Fig. 1~b!#. We then repeated the above-outlin
experimental procedure with middle pipes of various lengt
The frequency-domain data were then obtained from

FIG. 2. The transmitted time-domain data obtained for a pulse sent thro
~a! the straight pipe structure and~b! the nine-element, 1.9- to 5.1-cm-diam
modulated waveguide.
1356 J. Acoust. Soc. Am., Vol. 112, No. 4, October 2002
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Fourier transform of these time-domain data. Defect sta
deep within the band gap region are shown in Fig. 4 for fo
such structures. Theoretical calculations predict the existe
of these modes; however, they predict very narrow~,1 Hz!
transmission bands with peaks that ride to a transmiss
value of 1. One drawback to the narrowness of these de
states is that any minor flaw within the diameter-modula
waveguide will cause the defect states to be greatly atte
ated. Inconsistencies within the segment lengths or cross
tions of the diameter-modulated waveguide perturb the in
ference condition and cause slightly different frequencies
pass through the different parts of the waveguide. By
time the pulse gets through the array, very little of the a
plitude of the defect frequencies will have added coheren
throughout the entire waveguide. For this reason, the sec
acoustic filter structure with a lower impedance contrast w
built. In a sample with a lower impedance contrast, the
predicts defect modes that are less narrow.

With a smaller change in acoustic impedance betw
adjacent segments, the band gaps become less pronou
and the defect modes become slightly wider. This allows
the coherent addition of a larger group of frequencies wit
the band gap and thus, greater transmission. Figure~a!
shows experimental data for two such defect modes wit
the 1.9- to 3.2-cm-diam modulated waveguide. Figure 5~b!
shows a theoretical calculation for the same system indi
ing that the theory replicates the defect frequencies with h
accuracy.

gh

FIG. 3. ~a! Composite of the Fourier spectra obtained from the pulses
responding to Fig. 2~a! ~upper dark line! and Fig. 2~b! ~lower dark line!. ~b!
Theoretical calculations showing the transmission of the perfectly perio
system.
Munday et al.: Defect modes in periodic waveguides
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There are several interesting observations to make c
cerning the behavior of the defect modes within the ba
gap. When the induced defect in the middle pipe is sho
than its counterpart in the diameter-modulated array, the
fect state in the frequency-domain data enters from the l
frequency side of the band gap~acceptor-like in solid state
terms!. As shorter defect pipes are used, the defect s
moves from low to higher frequency within the band ga
For a defect pipe that is exactly one-half the length of
original pipe within the array, the defect mode appears
rectly in the middle of the band gap. When larger def
pipes are used, the defect mode enters from the high
quency side of the band gap~donor-like! and moves to lower
frequency with increasing length. When the length is exac
double the length of the original pipe within the array, t
defect mode again appears directly in the middle of the b
gap.

These results can be qualitatively understood by ana
ing the physical mechanism that leads to filtering action
these structures. For an array with no defect there is a m
mum in reflection~and a corresponding minimum in tran
mission! at a frequency for which the length of individua
array segments equal a quarter wavelength. The enha
reflection results from constructive interference of the wa

FIG. 4. Composite figure showing the Fourier spectra obtained from
different defects. Data were obtained from the nine-element, 1.9- to 5.1
diam modulated waveguide with middle defects of length 7.1, 8.2, 9.4,
10.3 cm.
J. Acoust. Soc. Am., Vol. 112, No. 4, October 2002
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partially reflected from each successive junction between
ray elements of different diameters. For wavelengths t
exactly match the quarter-wavelength condition, the succ
sive partial reflections are always precisely in phase beca
of the combined effects of the half-wavelength round t
between junctions and the inversion upon reflection from
low-to-high impedance junction. The attenuation is a ma
mum for the design wavelength; however, there is signific
filtering action over a broader band of surrounding frequ
cies leading to the band gap. Now if a defect is introduced
making the center element of the array twice as long,
interference dynamic is altered. The partial reflections fr
successive interfaces up to the defect are adding cohere
to give rise to a strong backreflection. However, the addit
of an extra half-wavelength round trip introduced by the d
fect means that the partial reflections from subsequent ha
the array are out of phase resulting in destructive interfere
in the reflected signal. The net effect is that a narrow tra
mission band—the defect state—opens up precisely at
design wavelength. Altering the length of the defect w
change the wavelength that experiences the half wavele
phase shift and hence will shift the position of the narro
transmission band within the band gap.

It is also interesting to note how the amplitude of t

r
-

d

FIG. 5. ~a! Composite figure of the Fourier spectra data obtained from
nine-element, 1.9- to 3.2-cm-diam modulated waveguide with middle
fects of length 13.4 and 34.9 cm. Defect mode frequencies 489, 1465
~top trace! and 322, 1385 Hz~bottom trace!. ~b! Theoretical calculations
corresponding to the two defect modes in~a!. Defect mode frequencies 491
1474 Hz~top trace! and 326, 1395 Hz~bottom trace!.
1357Munday et al.: Defect modes in periodic waveguides
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defect mode varies with position within the band gap. As
defect mode moves deeper into the gap, the amplitude o
defect mode becomes increasingly attenuated. This effe
independent of which side of the band gap the defect m
enters. This phenomenon is similar to that seen in opt
filters, and it can be understood because the attenuatio
greatest at the center of the band gap where the qua
wavelength interference condition is best satisfied. The
fect in the center of the band is thus strongly confined s
tially and therefore very narrow in frequency. Again, a
imperfections in the segment lengths or cross-sectional
formity lead to changes in coupling frequency, which d
matically alter the coupling to the very narrow defect mod
Thus the amplitude of the experimentally measured de
modes is smallest near the band center where the mode
finement is the greatest and progressively larger with pr
imity to the band edges.

V. CONCLUSION

The results presented here show that the diame
modulated waveguide array is a simple yet elegant mode
investigating acoustic band gap properties. Other sim
one-dimensional systems based on dangling side branc
rays have been investigated recently.11,20 Although the dan-
gling side branch systems are simple experimentally they
less easy to treat theoretically because, unlike the circ
cross section waveguide case, there is no simple expres
for the acoustic impedance, which in this case depends
frequency.19 Much of the interesting applications of acous
band gap systems are associated with the production of
fect states in an otherwise perfectly periodic array. The
sults here demonstrate the experimental limits that prev
the realization of some of the more extreme predictions
theory. Better results could be realized by a more accu
fabrication of the diameter modulated waveguide.

Finally, this simple system should prove useful for t
experimental exploration of many of the fundamental effe
such as tunneling and localization that are being investiga
in acoustic band gap systems.
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